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The possibility of constructing quotients of differential graded
(= dg) categories is essential in non-commutative algebraic geom-
etry. The ﬁrst construction of dg quotients appeared in Keller’s
work (Keller (1994) [21]) and it was recently followed by Drin-
feld’s elegant approach (Drinfeld (2004) [9]). Although Drinfeld’s
dg quotient admits a very simple construction, it didn’t seem to
be intrinsically deﬁned. In this article we complete this aspect of
Drinfeld’s work by providing three different characterizations of
Drinfeld’s dg quotient in terms of simple universal properties.
© 2009 Elsevier Inc. All rights reserved.
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A differential graded (= dg) category is a category enriched in the category of complexes of mod-
ules over some commutative base ring k. Dg categories (and their close cousins = A∞-categories) pro-
vide a framework for non-commutative algebraic geometry in the sense of Bondal, Drinfeld, Kapranov,
Kontsevich, Toën, Van den Bergh, etc. [6,8–10,17–19,32]. They are considered as “dg-enhancements”
of bounded derived categories of (quasi-)coherent sheaves on a hypothetic non-commutative space;
see Keller’s ICM address [20].
The most useful operation which can be performed on triangulated categories is the passage to a
Verdier quotient. It is therefore very important to lift this operation to the world of dg categories. This
was done implicitly by Keller in [21], and explicitly by Drinfeld in [9]. Let A be a dg category and
B ⊂ A a full dg subcategory of A. Drinfeld’s elegant construction A/B is reminiscent from Dwyer–
Kan localization [11]: if A is k-ﬂat (i.e. its complexes of morphisms are k-ﬂat), one simply adjoins
to A a contracting homotopy for each object of B; in the general case, before adjoining contracting
homotopies, one takes a k-ﬂat resolution π : A˜ ∼→ A of A, where π is a quasi-equivalence (see Deﬁni-
tion 1.4.1) (a mixture between quasi-isomorphisms and categorical equivalences, which is the correct
notion of equivalence between dg categories). See Section 3 for details on Drinfeld’s construction.
Drinfeld’s dg quotient is nowadays an important tool in several branches of mathematics: the-
ory of (mixed) motives [1,7,17–19], Langlands program [2,12], deformation theory [3,5,22], homotopy
theory [31], symplectic geometry [27], etc. However, Drinfeld’s construction didn’t seem to satisfy any
obvious universal property. Quoting Drinfeld [9]:
“In 6.1 we show that the DG quotient of A modulo B is “as unique as possible”, so one can speak of thhe
DG quotient of A modulo B (“thhe” is the homotopy version of “the”). In 1.6.2 and 1.7 we give another
explanation of uniqueness. Unfortunately, both explanations are somewhat clumsy.”
The purpose of this article is to provide three different characterizations of Drinfeld’s dg quotient
in terms of simple universal properties. As a consequence one gets simple uniqueness results and
a much deeper conceptual understanding. Drinfeld’s construction has a “homotopic ﬂavor” and the
main idea is to analyse it using tools from homotopical algebra [24].
Statement of results. Let dgcat denote the category of small dg categories. In [30] we have constructed
a Quillen model structure on dgcat, whose weak equivalences are precisely the quasi-equivalences.
Let us denote by Hqe the homotopy category obtained (i.e. the localization of dgcat with respect to
quasi-equivalences) and by Map(−,−) its homotopy function complex (see Section 1.1). The homotopy
category Hqe admits a natural closed monoidal structure − ⊗L −; see Remark 1.4.7. Given two dg
categories A and B, its internal Hom repdg(A,B) is given by a dg-enhancement of the category
rep(A,B) of quasi-functors; see Deﬁnition 1.4.6 for details.
Let A be a small dg category and B ⊂ A a full dg subcategory of A. We say that a morphism
Q : A → M in Hqe annihilates B (see Deﬁnition 3.0.13) if the induced functor H0(A) → H0(M)
(obtained by taking the zero co-homology) sends all objects of B to contractible ones (i.e. objects
whose identity morphism vanishes in H0(M)).
Our simple characterizations of Drinfeld’s construction (which sums up Theorems 4.0.1, 4.0.3 and
4.0.5) are the following.
Theorem. Let A be a small dg category and B ⊂ A a full dg subcategory of A. For every dg category M,
Drinfeld’s dg quotient Q : A → A/B (see Section 3.1) induces:
(i) a bijection
Hqe(A/B,M) ∼→ HqeB(A,M),
where HqeB(A,M) denotes the set of morphisms which annihilate B;
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repdg(A/B,M)
∼→ repdg,B(A,M),
where repdg,B(A,M) denotes the full dg subcategory of quasi-functors which annihilate B;
(iii) a weak equivalence of simplicial sets
Map(A/B,M) ∼→ MapB(A,M),
where MapB(A,M) denotes the union of all connected components corresponding to quasi-functors (see
Theorem 1.4.9) which annihilate B.
Some explanations are in order. In item (i) we characterize Drinfeld’s construction in the ho-
motopy category Hqe. It corresponds simply to the homotopy coﬁber of the natural inclusion dg
functor B ↪→ A. In item (ii) we characterize Drinfeld’s construction in the closed monoidal category
(Hqe,− ⊗L −, repdg(−,−)); see Remark 1.4.7. Recall from [9, §1.6], that Drinfeld proved the unique-
ness of his construction in a certain 2-category of quasi-functors.2 Since we have an equivalence of
categories rep(−,−)  H0(repdg(−,−)) (see Deﬁnition 1.4.6), we recover Drinfeld’s main result by ap-
plying the functor H0(−) to item (ii):
Corollary. (See [9, §1.6.2].) Let A be a small dg category and B ⊂ A a full dg subcategory of A. For every dg
category M, Drinfeld’s dg quotient Q : A → A/B (see Section 3.1) induces an equivalence of categories
rep(A/B,M) ∼→ repB(A,M),
where repB(A,M) denotes the full subcategory of quasi-functors which annihilate B.
In item (iii) we characterize Drinfeld’s construction in the ∞-category of dg categories, i.e. in the
“higher” category obtained by considering not only dg functors up to quasi-equivalence, but also all
the higher homotopies between them. Following [23], there are several equivalent ways to formalize
the idea of an ∞-category: simplicial categories [4], Segal categories [28], complete Segal spaces [26],
quasi-categories [16,23], etc. The approach using simplicial categories consists on taking the Dwyer–
Kan localization [11] of dgcat, with respect to quasi-equivalences. This simplicial category, which is a
reﬁned version of the Gabriel–Zisman localization [13], contains non-trivial higher homotopical infor-
mation. Its morphism spaces, which encode all the higher homotopies, correspond to the homotopy
function complexes Map(−,−) (of item (iii)) associated to the Quillen model structure on dgcat.
A consequence of our simple characterizations is that Drinfeld’s dg quotient is uniquely determined
in Hqe (item (i)), in the closed monoidal category (Hqe,− ⊗L −, repdg(−,−)) (item (ii)), and even in
the ∞-category of dg categories (item (iii)).
The relevance of the results presented in this article is attested by its enabling role in the con-
struction of the category of “non-commutative motives” (see [29, Deﬁnition 10.2]) and also in the
ﬁrst conceptual characterization (see [29, Theorem 15.10]) of Quillen–Waldhausen’s higher K -theory
[25,33] since its deﬁnition in the early 70’s. Furthermore, it is expected that the conceptual under-
standing of Drinfeld’s construction, here presented, will play a catalytic role in the several branches
of mathematics where Drinfeld’s dg quotient is nowadays used.
2 Drinfeld used the notation T (−,−), instead of rep(−,−), for the categories of quasi-functors.
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1.1. Notations
We denote by Cat the category of small categories and by sSet the category of simplicial sets
(see [14, §I]). Throughout the article we work over a ﬁxed commutative ring k. The tensor product ⊗
will denote the tensor product over k. Let Ch(k) be the category of complexes of k-modules; we use
co-homological notation, i.e. the differential increases the degree.
Let M be a Quillen model category [24]. We denote by Ho(M) its homotopy category and by
Map(−,−) : Ho(M)op × Ho(M) → Ho(sSet)
its homotopy function complex; see [15, Deﬁnition 17.4.1]. Recall that given objects X and Y in M,
we have the following isomorphism
π0Map(X, Y )  Ho(M)(X, Y ).
The homotopy function complexes can also be viewed as morphism spaces in the Dwyer–Kan local-
ization [11] of M with respect to the class of weak equivalences.
1.2. Dg categories
For a survey article on dg categories we invite the reader to consult Keller’s ICM address [20]. A dg
category (over our base ring k) is a category enriched over Ch(k) (Hom-sets are complexes) in such a
way that composition fulﬁlls the Leibniz rule:
d( f ◦ g) = (df ) ◦ g + (−1)deg( f ) f ◦ (dg).
Notation 1.2.1. We denote by dgcat the category of small dg categories.
Deﬁnition 1.2.2. Let A be a small dg category. If x and y are two objects of A, we denote by A(x, y)
the complex of morphisms from x to y. The unit of an object x in A will be denoted by 1x . The
category Z0(A) has the same objects as A and morphisms given by Z0(A)(x, y) = Z0(A(x, y)), where
Z0 is the kernel of d : A(x, y)0 → A(x, y)1. The homotopy category H0(A) of A has the same objects
as A and morphisms given by H0(A)(x, y) = H0(A(x, y)), where H0 is the 0th co-homology of the
complex A(x, y). We say that a morphism f : x → y in Z0(A) is a homotopy equivalence if it becomes
invertible in H0(A). Two objects x and y in A are homotopy equivalent if there exists a zig-zag of
homotopy equivalences connecting the two. An object x in A is called contractible if the dg algebra
A(x, x) is acyclic, i.e. the unit 1x is a co-boundary of the complex A(x, x).
1.3. Dg modules
Let A be a small dg category. The opposite dg category Aop of A has the same objects as A and
complexes of morphisms given by Aop(x, y) = A(y, x). Recall from [20, §3.1] that a right dg A-module
is a dg functor M : Aop → Cdg(k), with values in the dg category Cdg(k) of complexes of k-modules.
We denote by C(A) (resp. by Cdg(A)) the category (resp. dg category) of right dg A-modules and
by D(A) the derived category of A, i.e. the localization of C(A) with respect to the class of quasi-
isomorphisms. We have a Yoneda dg functor
A → Cdg(A),
x 	→ x̂ = A(−, x),
which sends an object x in A to the dg A-module A(−, x) represented by x. For further details consult
[20, §3].
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Deﬁnition 1.4.1. A dg functor F : A → B is a quasi-equivalence if:
(Q1) for all objects x and y in A, the morphism of complexes
F (x, y) : A(x, y) → B(F x, F y)
is a quasi-isomorphism, and
(Q2) the induced functor H0(F ) : H0(A) → H0(B) is an equivalence of categories.
Theorem 1.4.2. (See [30, Théorème 2.1].) The category dgcat carries a coﬁbrantly generated Quillen model
structure whose weak equivalences are the quasi-equivalences. The ﬁbrations are the dg functors F : A → B
which satisfy the following conditions:
(F1) for all objects x and y in A, the induced morphism of complexes
F (x, y) : A(x, y) → B(F x, F y)
is a degreewise surjection, and
(F2) given an object x in A and a homotopy equivalence v : F (x) → z in B (see Deﬁnition 1.2.2), there is a
homotopy equivalence u : x → y in A, such that F (y) = z and F (u) = v.
Notation 1.4.3. We denote by Hqe the homotopy category obtained.
Remark 1.4.4. Since the ﬁnal object in dgcat is the zero dg category (i.e. it has a single object and
endomorphisms dg algebra 0), every object in dgcat is ﬁbrant.
Remark 1.4.5. Let us now recall a particular generating coﬁbration of the Quillen model structure of
Theorem 1.4.2, which will be used in the proof of Theorem 4.0.1. Let S0 be the complex k[0] (with k
concentrated in degree 0) and let D0 be the mapping cone on the identity of S0. We denote by S the
dg category with two objects 1 and 2 such that S(1,1) = k, S(2,2) = k, S(2,1) = 0, S(1,2) = S0 and
composition given by multiplication. Notice that a dg functor from S to a dg category B corresponds
to the choice of a morphism in Z0(B). We denote by D the dg category with two objects 3 and 4 such
that D(3,3) = k, D(4,4) = k, D(4,3) = 0, D(3,4) = D0 and with composition given by multiplication.
Finally, let ι : S → D be the dg functor that sends 1 to 3, 2 to 4 and S0 to D0 by the identity on k in
degree 0:
S ι D
1
k
S0
3
k
D0
incl
2
k
4
k
where
S0
incl
D0
0 0
k
id
k (degree 0)
0 k
id
0 0
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can be naturally derived into a bi-functor
− ⊗L − : Hqeop × Hqe → Hqe.
Deﬁnition 1.4.6. (See [20, §4].) Let A and B be two small dg categories. We denote by rep(A,B) the
full subcategory of D(Aop ⊗L B) formed by the bimodules X such that the derived tensor functor
− ⊗LA X : D(A) → D(B)
takes the representable A-modules to objects which are isomorphic to representable B-modules. We
call such a bimodule a quasi-functor since it yields a genuine functor
H0(A) → H0(B).
We denote by repdg(A,B) the full dg subcategory of Cdg(Aop ⊗L B), whose objects are those of
rep(A,B) which are moreover coﬁbrant as bimodules. Notice that we have an equivalence of cate-
gories
H0
(
repdg(A,B)
) rep(A,B).
Remark 1.4.7. Thanks to [32, Theorem 6.1] the symmetric monoidal structure (Hqe,−⊗L−) is closed.
Its internal Hom is given by the bi-functor repdg(−,−).
Notation 1.4.8. Let A and B be two small dg categories. We denote by R(A,B) the category with the
same objects as rep(A,B) and whose morphisms are the quasi-isomorphisms of dg bimodules. Note
that the category R(A,B) is a non-full subcategory of C(Aop ⊗L B).
Theorem 1.4.9. (See [32, Theorem 4.2].) Let A and B be two dg categories. There is a canonical weak equiv-
alence of simplicial sets between the homotopy function complex Map(A,B) (see Section 1.1) (with respect to
the model structure of Theorem 1.4.2) and the nerve of the category R(A,B). In particular, we have a natural
bijection
Hqe(A,B)  Iso rep(A,B),
where Iso rep(A,B) denotes the set of isomorphism classes in rep(A,B).
2. Homotopy of DG functors
In this section we construct a functorial path object in dgcat, with respect to the model structure
of Theorem 1.4.2; see Proposition 2.0.11. As an application, we obtain an explicit description of the
Hom-sets in the homotopy category Hqe; see Remark 2.0.12. This description will be a key ingredient
in the proofs of Theorems 4.0.1, 4.0.3 and 4.0.5.
Deﬁnition 2.0.10. Let B be a small dg category. The dg category P (B) is deﬁned as follows: its objects
are the homotopy equivalences
x
f→ y
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P (B)(x f→ y,w g→ z) = B(x,w) ⊕ B(y, z) ⊕ B(x, z)[−1].
A homogeneous element of degree r of this Z-graded k-module can be represented by a matrix[
m1 0
h m2
]
,
where m1 ∈ B(x,w)r , m2 ∈ B(y, z)r and h ∈ B(x, z)r−1. Under this notation, the differential is given
by:
d
([
m1 0
h m2
])
=
[
d(m1) 0
d(h) + g ◦m1 − (−1)r(m2 ◦ f ) d(m2)
]
.
Composition in P (B) corresponds to matrix multiplication and the units to the identity matrices.
We have an “inclusion” dg functor
I : B → P (B),
that sends an object x in B to (x = x) and a “projection” dg functor
P0 × P1 : P (B) → B × B,
that sends an object (x
f→ y) to (x, y). We obtain then the following commutative diagram in dgcat:
B 
I
B × B
P (B)
P0×P1
.
Proposition 2.0.11. Let B be a small dg category. The dg category P (B) is a path object for B, i.e. I is a
quasi-equivalence (see Deﬁnition 1.4.1) and P0 × P1 is a ﬁbration (see Theorem 1.4.2).
Proof. We prove ﬁrst that the dg functor I is a quasi-equivalence. Note that given objects x and y
in B, the dg functor I induces a quasi-isomorphism in Ch(k)
I(x, y) : B(x, y) ∼→ P (B)(Ix, I y).
We now show that I satisﬁes condition (Q2). Let x
f→ y be an object of P (B). Consider the following
morphism in P (B) from I(x) to x f→ y
x
Id
h=0
x
f
x
f
y.
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This implies that I satisﬁes condition (Q2) and so we conclude that it is a quasi-equivalence.
We now prove that the dg functor P0 × P1 is a ﬁbration. By deﬁnition, the dg functor P0 × P1
induces a degreewise surjection
P (B)(x f→ y,w g→ z) → B(x,w) × B(y, z)
and so it satisﬁes condition (F1). Let us now show that contractions (see Deﬁnition 1.2.2) lift along
the dg functor P0 × P1. Let x f→ y be an object in P (B). Note that a contraction of x f→ y in P (B)
corresponds to the following morphisms in B: cx ∈ B(x, x)−1, cy ∈ B(y, y)−1 and cx,y ∈ B(x, y)−2 sub-
ject to the following relations d(cx) = 1x , d(cy) = 1y and d(cx,y) = cy ◦ f + f ◦ cx . Given a contraction
(c1, c2) of (x, y) in B × B, we can lift it by taking cx = c1, cy = c2 and cx,y = c2 ◦ f ◦ c1. Moreover,
since we have an equivalence of dg categories
pre-tr
(
P (B)) ∼→ P(pre-tr(B)),
where pre-tr denotes the pre-triangulated construction (see [9, §2.4]), contractions lift also along the
dg functor pre-tr(P0 × P1). This allows us to show condition (F2) as follows: let x f→ y be an object
in P (B) and m a homotopy equivalence in B × B from (P0 × P1)( f ) to (w, z). Since P0 × P1 satisﬁes
condition (F1), there exist an object w
g→ z in P (B) and a morphism m in P (B)(x f→ y,w g→ z)
such that (P0 × P1)(m) = m. Note that the cone of m̂ is sent to the cone of m̂ by the dg functor
pre-tr(P0 × P1). Since contractions lift along the dg functor pre-tr(P0 × P1) and the cone of m̂ is
contractible, we conclude that m is a homotopy equivalence. The proof is then ﬁnished. 
Remark 2.0.12. Let F ,G : A → B be two dg functors, where A is a coﬁbrant dg category. Since every
dg category is ﬁbrant (see Remark 1.4.4), the dg functors F and G are homotopic (see [15, Deﬁni-
tion 7.3.2]) if and only if there exists a dg functor H : A → P (B) that makes the following diagram
commute
B
A H
F
G
P (B)
P0
P1
B.
A dg functor H as in the above diagram corresponds exactly to:
– a homotopy equivalence η(x) : F (x) → G(x) in B for every object x in A (which is in general not
functorial in x), and
– a degree −1 morphism
h = h(x, y) : A(x, y) → B(F (x),G(y)),
for all objects x and y in A, such that
(
η(y)
)(
F ( f )
)− (G( f ))(η(x))= d(h( f ))+ h(d( f ))
1234 G. Tabuada / Journal of Algebra 323 (2010) 1226–1240and
h( f g) = h( f )(F (g))+ (−1)n(G( f ))h(g),
where f and g are composable morphisms in A (with f of degree n).
3. Drinfeld’s DG quotient
In this section we recall Drinfeld’s dg quotient construction. By Deﬁnition 1.4.1, the functor
H0(−) : dgcat → Cat
descends to the localized categories
H0(−) : Hqe → H0(Cat),
where H0(Cat) is the category of small categories and isomorphism classes of functors between them.
Deﬁnition 3.0.13. Let A be a small dg category and B ⊂ A a full dg subcategory of A. A morphism
Q : A → M in Hqe annihilates B if the induced morphism in H0(Cat)
H0(Q ) : H0(A) → H0(M)
sends all objects of B to contractible objects in M (see Deﬁnition 1.2.2).
Remark 3.0.14. If B equals A, there exists at most one morphism Q : A → M in Hqe which annihi-
lates A. We call it the zero morphism and denote it by 0.
Notation 3.0.15. Let A be a small dg category and B ⊂ A a full dg subcategory of A. We say that a
quasi-functor X in rep(A,M) (see Deﬁnition 1.4.6) annihilates B if the induced morphism A → M
in Hqe (see Theorem 1.4.9) annihilates B.
3.1. Drinfeld’s construction
(See [9, §3].) Let A be a small dg category and B ⊂ A a full dg subcategory of A. Take a homo-
topically k-ﬂat resolution of A (see [9, §3.3])
π : A˜ ∼→ A ⊃ B.
For example, we can take a coﬁbrant resolution of A with respect to the model structure of The-
orem 1.4.2. Then, for every object x in A˜ whose image under π is homotopically equivalent (see
Deﬁnition 1.2.2) to an object of B, add a new morphism x : x → x of degree −1 to A˜ and impose the
relation d(x) = 1x . The dg category obtained B/A is called “the” Drinfeld’s dg quotient. Notice that
we have a solid diagram in dgcat
A˜
π∼
γ A/B
A
Q
,
which gives rise to a morphism Q : A → A/B in Hqe. Notice also that the morphism Q annihilates B.
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In this section we provide three different characterizations of Drinfeld’s dg quotient in terms of
simple universal properties; see Theorems 4.0.1, 4.0.3 and 4.0.5. Our ﬁrst theorem characterizes Drin-
feld’s construction in the homotopy category Hqe.
Theorem 4.0.1. Let A be a small dg category and B ⊂ A a full dg subcategory of A. For every dg category M,
Drinfeld’s dg quotient Q : A → A/B (see Section 3.1) induces a bijection
Hqe(A/B,M) ∼→ HqeB(A,M),
where HqeB(A,M) denotes the set of morphisms which annihilate B (see Deﬁnition 3.0.13).
Proof. We start by reformulating Drinfeld’s construction, using the generating coﬁbration ι of Re-
mark 1.4.5. Take a coﬁbrant resolution of A
π : A˜ ∼→ A,
with respect to the model structure of Theorem 1.4.2. Note that A˜ is homotopically ﬂat; see [9,
§3.3]. Then, consider the full dg subcategory B˜ of A˜ with objects those whose image under π is
homotopically equivalent to an object of B. Finally, take the following pushout diagram in dgcat:
∐
x∈B˜S
∐x∈B˜ι
A˜
γ
∐
x∈B˜D A/B.
The upper horizontal dg functor corresponds to the speciﬁcation of the identities of the objects in B˜;
see Remark 1.4.5. We obtain by this procedure Drinfeld’s dg quotient A/B. Since A˜ is coﬁbrant and
coﬁbrations are stable under co-base change, the dg category A/B is also coﬁbrant. Now, since every
object in dgcat is ﬁbrant (see Remark 1.4.4) and A˜ is a coﬁbrant resolution of A, we can calculate
the Hom-sets Hqe(A/B,M) and HqeB(A,M) using the path object P (M) of Deﬁnition 2.0.10. Note
that the dg functor γ induces a surjection
γ ∗ : dgcat(A/B,M) → {F ∈ dgcat(A˜,M) ∣∣ F (x) contractible, ∀x ∈ B˜}.
Thanks to Remark 2.0.12, the set
{
F ∈ dgcat(A˜,M) ∣∣ F (x) contractible, ∀x ∈ B˜}
is stable under homotopies, and so γ ∗ descends to a surjective map
Hqe(A/B,M)  dgcat(A/B,M)/htp
γ ∗
HqeB(A,M)  {F ∈ dgcat(A˜,M) | F (x) contractible, ∀x ∈ B˜}/htp.
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F ◦γ and G ◦γ are homotopic. Using the path object P (M), we construct the following commutative
diagram
M
A˜
H
F◦γ
G◦γ
P (M)
P0
P1
M
in dgcat. Observe that an extension of the homotopy H from A˜ to A/B corresponds to the choice
of a contraction for each object H(x) = (z g→ w) in P (M), with x ∈ B˜. Recall from the proof of
Proposition 2.0.11 that a contraction of z
g→ w in P (M) corresponds to morphisms cz ∈ B(z, z)−1,
cw ∈ B(w,w)−1 and cz,w ∈ B(z,w)−2 subject to the relations d(cz) = 1z , d(cw) = 1w and d(cz,w) =
cw ◦ g + g ◦ cz . By construction of A/B, the dg functors F and G furnish us already the contractions
cz and cw . In what concerns cz,w , take simply cw ◦ g ◦ cz . We conclude that the dg functors F and G
were already homotopic, and so the proof is ﬁnished. 
Remark 4.0.2. Theorem 4.0.1 shows us that Drinfeld’s construction A/B can be characterized as the
homotopy coﬁber in Hqe of the inclusion dg functor I : B ↪→ A. We obtain then a short exact se-
quence (see [20, §4.6]) in Hqe
B I↪→ A Q→ A/B.
Our second theorem characterizes Drinfeld’s construction in the closed symmetric monoidal cate-
gory (Hqe,− ⊗L −, repdg(−,−)); see Remark 1.4.7.
Theorem 4.0.3. Let A be a small dg category and B ⊂ A a full dg subcategory of A. For every dg category M,
Drinfeld’s dg quotient Q : A → A/B (see Section 3.1) induces an isomorphism in Hqe
repdg(A/B,M)
∼→ repdg,B(A,M),
where repdg,B(A,M) denotes the full dg subcategory of quasi-functors (see Deﬁnition 1.4.6) which annihi-
late B (see Deﬁnition 3.0.15).
The proof of Theorem 4.0.3 makes use of the following Proposition 4.0.4. Let T : C → D be a
morphism in Hqe. On one hand, we can consider the full dg subcategory K (T ) of C with objects
those which are sent by T to contractible objects in D. On the other hand, we can consider the
contravariant functor
Ker(T ) : Hqeop → Set,
which associates to a dg category E , the set
{
G ∈ Hqe(T ,C) ∣∣ F ◦ G = 0} (see Remark 3.0.14).
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have a bijection
Hqe
(E, K (T )) ∼→ {G ∈ Hqe(E,C) ∣∣ T ◦ G = 0}.
Proof. Consider the following diagram in dgcat
K (T˜ )
L→ Cc T˜→ D,
where Cc is a coﬁbrant resolution of C and T˜ is a dg functor which represents the morphism T . Note
that if Ec is a coﬁbrant resolution of E , the inclusion dg functor L : K (T˜ ) ↪→ Cc induces a bijection
L∗ : dgcat
(Ec, K (T˜ )) ∼→ {G ∈ dgcat(Ec,Cc) ∣∣ (T˜ ◦ G)(x) contractible, ∀x ∈ Ec}.
Moreover, since we have a natural bijection
{
G ∈ dgcat(Ec,Cc)
∣∣ (T˜ ◦ G)(x) contractible, ∀x ∈ Ec}/htp ∼→ {G ∈ Hqe(E,C) ∣∣ T ◦ G = 0},
the map L∗ descends to a surjective map
L∗ : Hqe
(E, K (T )) dgcat(Ec, K (T˜ ))/htp → {G ∈ Hqe(E,C) ∣∣ T ◦ G = 0}.
It remains to show that L∗ is injective. Let S and R be two dg functors from Ec to K (T˜ ) such that
L ◦ S and L ◦ R are homotopic. Using the path object P (Cc) (see Deﬁnition 2.0.10), we construct the
following commutative diagram
Cc
Ec
L◦S
H
L◦R
P (Cc)
P0
P1
Cc
in dgcat. Note that the dg functor H factors through the inclusion
P (L) : P(K (T˜ )) ↪→ P (Cc).
It furnishes us then a homotopy between S and R , and so the proof is ﬁnished. 
Proof of Theorem 4.0.3. By applying the functor
repdg(?,M) : Hqeop → Hqe (see Deﬁnition 1.4.6)
to the short exact sequence
B I↪→ A Q→ A/B (see Remark 4.0.2)
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repdg(A/B,M)
Q ∗−→ repdg(A,M) I
∗−→ repdg(B,M).
Note that the dg category repdg,B(A,M) identiﬁes with K (I∗). Therefore, thanks to Proposition 4.0.4,
it suﬃces to show that the dg category repdg(A/B,M) represents the functor Ker(I∗) in Hqe. Let D
be a small dg category and consider the following diagram
repdg(A/B,M)
Q ∗
repdg(A,M) I
∗
repdg(B,M)
D
F
0
,
where F is a morphism in Hqe such that I∗ ◦ F = 0. By [9, Proposition 1.6.3], we have a short exact
sequence
D ⊗L B Id⊗L I−→ D ⊗L A Id⊗LQ−→ D ⊗L A/B
in Hqe. Since repdg(−,−) is the internal Hom-functor in Hqe, we obtain by adjunction the following
diagram
D ⊗L B
0
Id⊗L I
D ⊗L A
F 	
Id⊗LQ
D ⊗L A/B
G
M ,
where F 	 is the morphism associated to F , and G is the unique morphism induced by F 	 (see Theo-
rem 4.0.1). Once again by adjunction, this implies that there is a unique
G	 ∈ Hqe
(D, repdg(A/B,M)),
such that Q ∗ ◦G	 = F . This shows that the dg category repdg(A/B,M) represents the functor Ker(I∗)
in Hqe. Thanks to Proposition 4.0.4, we obtain an induced isomorphism
repdg(A/B,M)
∼→ repdg,B(A,M)
in Hqe, and so the proof is ﬁnished. 
Our third theorem characterizes Drinfeld’s construction in the ∞-category of dg categories.
Theorem 4.0.5. Let A be a small dg category and B ⊂ A a full dg subcategory of A. For every dg category M,
Drinfeld’s dg quotient Q : A → A/B (see Section 3.1) induces a weak equivalence of simplicial sets
Map(A/B,M) ∼→ MapB(A,M),
where MapB(A,M) denotes the union of all connected components corresponding to quasi-functors (see
Theorem 1.4.9) which annihilate B (see Deﬁnition 3.0.13).
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Map(−,M) : Hqeop → Ho(sSet) (see Section 1.1)
to the short exact sequence
B I↪→ A Q→ A/B (see Remark 4.0.2),
we obtain a homotopy ﬁber sequence
Map(A/B,M) I
∗−→ Map(A,M) Q ∗−→ Map(B,M)
of simplicial sets. We now show that the connected component of Map(B,M) corresponding to the
zero morphism (see Remark 3.0.14) is contractible. By Theorem 1.4.9, this connected component cor-
responds to the nerve of the smallest full subcategory R0(B,M) of R(B,M), which contains the
trivial B-D-bimodule. Since the trivial B-D-bimodule is the initial and ﬁnal object in R0(B,M), the
nerve of R0(B,D) is contractible.
Now, let x ∈ π0 Map(A/B,M). Note that I∗(x) ∈ MapB(A,M) and so (I ◦ Q )∗(x) is the connected
component of Map(B,M) corresponding to the zero morphism. The above homotopy ﬁber sequence
of simplicial sets induces a long exact sequence
· · · → πi
(
Map(B,M))→ πi(Map(A/B,M))→ πi(Map(A,M))→ πi(Map(B,M))→ ·· ·
→ π1
(
Map(B,M))→ π0(Map(A/B,M))→ π0(Map(A,M))→ π0(Map(B,M)).
This shows us that the map
Map(A/B,M) → MapB(A,M)
induces an isomorphism on πi , i > 0 (for any base point), and a bijection on the connected compo-
nents. The proof is then ﬁnished. 
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